Photon region (PR) in the strong gravitational field is defined as a compact region where photons can travel endlessly without going to infinity or disappearing at the event horizon. In Schwarzschild metric PR degenerates to the two-dimensional photon sphere r = 3r g /2 where closed circular photon orbits are located. The photon sphere as a three-dimensional hypersurface in spacetime is umbilic (its second quadratic form is pure trace). In Kerr metric the equatorial circular orbits have different radii for prograde, r p , and retrograde, r r , motion (where r is Boyer-Lindquist radial variable), while for r p < r < r r the spherical orbits with constant r exist which are no more planar, but filling some spheres. These spheres, however, do not correspond to umbilic hypersurfaces. In more general stationary axisymmetric spacetimes not allowing for complete integration of geodesic equations, the numerical integration show the existence of PR as well, but the underlying geometric structure was not fully identified so far. Here we suggest geometric description of PR in generic stationary axisymmetric spacetimes, showing that PR can be foliated by partially umbilic hypersurfaces, such that the umbilic condition holds for classes of orbits defined by the foliation parameter. New formalism opens a way of analytic description of PR in stationary axisymmetric spacetimes with non-separable geodesic equations.
I. INTRODUCTION
Formation of shadows of spherically symmetric black holes is closely related to photon spheres, where closed circular photon orbits are located. The shadow corresponds to the set of light rays that inspiral asymptotically onto the light rings [1] . In the Schwarzcshild case the photon sphere has the radius r = 3r g /2 and it is densely filled by light rings located at different values of the polar angle θ.
In non-spherical static spacetimes, properties of the photon spheres can be shared by the photon surfaces of non-spherical form. In this case [2] one deals with a closed timelike hypersurface such that any null geodesic initially tangent to it remains in it forever. Several examples of spacetimes have been found that allow for non-spherical photon surfaces, which are not necessarily asymptotically flat (vacuum C-metric, Melvin's solution of Einstein-Maxwell theory and its generalizations including the dilaton field [3] ).
Mathematically, an important property of the photon surfaces is established by the theorem asserting that these are conformally invariant and totally umbilical hypersurfaces in spacetime [4] [5] [6] . This means that their second fundamental form is pure trace, i.e. is proportional to the induced metric. σ(u, v) = H u, v , ∀u, v ∈ T S.
(1.1)
This property may serve a constructive definition of PS, instead of direct solving the geodesic equations. It is especially useful in the cases when the geodesic equations are non-separable, so no analytic solution can be found.
Situation becomes more complicated in stationary axisymmetric spacetimes with rotation, when circular orbits typically exist in the equatorial plane in presence of Z 2 symmetry θ → π − θ. In the Kerr metric the prograde and retrograde equatorial light rings have different radii r p , r r , r p < r r , where r is the Boyer-Lindquist coordinate. Due to existence of the Carter integral, the geodesic equations give rise to independent equations for r and θ motion, from which one finds that the orbits with constant r exist in the interval r p < r < r r for which θ oscillates between some bounds, so that the orbits lie on the (part of) some spherical surface (spherical orbits, [7, 8] ). The whole set of these surfaces constitute a volume region known as Photon region (PR) [9] [10] [11] . The photon region is equally important in determination of black hole shadow as the photon sphere in the spherically symmetric case (for recent review of strong gravitational lensing and shadows see [12, 13] )
Obviously, the existence of the photon sphere is related to spherical symmetry of spacetime.
It is worth noting, that the photon sphere is not destroyed by the Newman-Unti-Tamburino (NUT) parameter, in which case the so(3) algebra still holds locally, though metric is already non-static. With this exception, stationary metrics with true rotation do not admits photon spheres or more general photon surfaces. In static spacetime various uniqueness theorems were formulated in which an assumption of the existence of a regular horizon was replaced by an assumption of existence of a photon sphere [14] [15] [16] [17] [18] [19] [20] . No such general results are available for stationary spacetimes. So the problem of optical characterization of stationary metrics which we discuss in this paper remains relevant. Mention an interesting relation between the separability of spacetime and properties of the circular and the spherical photon orbits discovered recently.
Namely, a spacetime is non-separable, if there exist an equatorial circular orbit and, at the same time, there are no spherical orbits beyond the equatorial plane [21, 22] . This property may serve a diagnostic of the non-Kerr nature of spacetime.
As is well known, in rotating spacetimes the photon orbits with constant Boyer-Lindquist radius may exist as well (e.g. spherical orbits in Kerr [7, 8] ), but they do not fill densely the photon spheres, since their existence requires certain relation between the constants of motion.
Such orbits fill the three-dimensional volumes -the photon regions [10, 11] . The corresponding region of spacetime can be interpreted as a set of non-closed timelike hypersurfaces, parameterized by the value of the azimuthal impact parameter ρ = L/E, where L, E are the motion integrals corresponding to timelike and azimuthal Killing vectors [23, 24] .
In more general stationary axisymmetric spacetimes, the photon orbits which fill some compact region were called fundamental photon orbits (FPO) [25] . Their explicit determination, however, become difficult if geodesic equations are non-separable. In such cases the phase space can have chaotic domains [26] [27] [28] [29] [30] and analytical determination of PRs was not given so far.
The purpose of the present paper is to fill this gap. We suggest a new definition of partially umbilic hypersurfaces relaxing the condition (1.1). Namely, one can impose the condition (1.1) not on all vectors from the tangent space (TS), but only on some subset of TS, specified by the azimuthal impact parameter. In the Kerr metric, the sphere on which the spherical photon orbits wind are just the spatial sections of such hypersurfaces. In more general cases their spatial sections may have arbitrary shape but must be compact. Having definition of PR in terms of hypersurface but not photon orbits helps to find them in the case of geodesically non-separable spacetimes. Note that our method has common features with the recent idea to analyse PR in the Kerr metric from the point of view of the structure of the tangent put forward in [31] The paper consists of two parts. The Section II contains a geometric formulation of the concept of a fundamental photon submanifolds. In Subsection II A we describe splitting of the phase space into sectors specified by the azimuthal impact parameter ρ = L/E of the geodesics. Then in Subsection II B we introduce the concept of partial umbilical submanifolds on a limited phase space, and define the fundamental photon hypersurfaces (FPH) on which the FPO are located. Then in Subsection II C we give structure equations for the main curvatures of the spatial section of FPH and show that such section for convex FPH with ρ = 0 have the topology of the sphere S 2 under some assumptions on the tensor energy-momentum of matter. The Section III contains geometrical definition of photon region (Subsection III A) and
applications of the new formalism to three exact solutions: Kerr in Subsection III C, Zipoy-Voorhees with δ = 2 [32] [33] [34] [35] in Subsection III D , and Tomimatsu-Sato δ = 2 solution [35] in Subsection III E. It is shown that they have PRs of three different types, and as a consequence, different optical shadows [10, 23, 36, 37] ). For some of them the mapping ρ → P R not always univalent, contrary to the Kerr case [10, 11] .
II. GEOMETRY OF THE FUNDAMENTHAL PHOTON SUBMANIFOLDS

A. Geometry of the phase space
Consider stationary axisymmetric spacetime containing the PR sector defined as a compact region containing worldlines of photons moving indefinitely along periodic or non-periodic orbits (FPOs). Any such orbit is characterized by two integrals of motion, E, L whose ratio ρ = L/E is an azimuthal impact parameter. In view of axial symmetry, the worldlines with fixed ρ, forming a set of FPOs, lie on some hypersurface in spacetime which we will call fundametal photon hypersurface (FPH). The totality of FPOs, filling the entire PR, will be the union of such FPH with different ρ. A further step consists in considering the corresponding structures in the phase space of the geodesic system. A similar design has been proposed in [31] to investigate geometry and topology of PR in Kerr gravitational field. Our purpose here is to investigate the phase space structure of PRs in more general stationary axisymmetric spacetimes based on previous work [9-11, 23, 24] .
Let M be an m-dimensional Lorentzian manifold [4] endowed with a non-degenerate scalar product , , a tangent bundle T M and supposed to possess two commuting Killing vector fieldsτ andφ defining a stationary axisymmetric spacetime. Define a one-parametric family of Killing vectors {κ ρ } as linear combination:
where ρ is still an arbitrary parameter. Generically, the scalar product κ ρ ,κ ρ has no definite sign on the total manifold M and even can be zero. So it is natural in introduce a partition
Now we are able to introduce the key notion of orthogonal complement [4] to the set {κ ρ }, and construct a natural basis on it. This will be useful for subsequent formulation of the theorems and construction of the structure equations for FPHs.
Definition 1
We will call an orthogonal complementκ ρ a setκ ⊥ ρ ⊂ T M , such that for all 
7)
where an expression in braces is the determinant of the induced metric on the space {τ ,φ} and consequently is always negative in view of the non-degeneracy and the signature (−, +).
Thus the statements a),b) directly follow from the definition of the partition of M . To prove c), substitute into (2.7) an expression for τ ,φ form the condition κ ρ ,κ ρ = 0. After simple rearrangements we obtain:
Moreover, the numerator is not equal to zero for a nondegenerate restriction of the metric on {τ ,φ}. If ρ = 0, then φ,φ = 0 and consequently e ρ =φ =κ ρ .
Corollary 1 If the restriction of the scalar product , on the subspace {τ ,φ} is nondegenerate, the orthogonal complementκ ⊥ ρ will be a subbundle in the tangent bundle T M of dimension dim(κ ⊥ ρ ) = 2m − 1.
Remark 1 In the regions U ± ρ the vector field e ρ can always be normalized, and the set {e ρ , e a } become an orthonormal basis. However, it is impossible to introduce an orthonormal basis on the full M . Indeed, if this were possible, then on the restrictionκ ⊥ ρ on U 0 ρ there should exist some orthonormal basis. But in this case the restrictionκ ⊥ ρ on U 0 ρ in non-degenerate, and consequently its orthogonal complement (κ ⊥ ρ ) ⊥ =κ ρ is non-denegerate either, which leads to contradiction.
Remark 2 If the Killing vectorsτ orφ have a singular point p ∈ M , then the orthogonal complementκ ⊥ ρ is no more a manifold, since the restriction of the metric on {τ ,φ} degenerates, and the dimension ofκ ⊥ ρ can change from point to point. For example, if in the singular point p the fieldφ| p = 0 and ρ = 0, thenκ ⊥ 0 | p = T p M and dim(κ ⊥ ρ )| p = 2m. Also, in this case p ∈ U 0 0 .
Let us now explain the physical meaning of the constructions introduced above. Let γ be some geodesic on M , andγ denotes the tangent vector field to γ. Consider the scalar product
Then the quantity
where E and L the energy and the azimuthal momentum, will be conserved along the geodesic.
Then, if ρ = L/E is an impact parameter for the chosen geodesic, in each point p ∈ γ the orthogonality condition holds κ ρ | p ,γ| p = 0, and consequentlyγ ∈κ ⊥ ρ . Conversely, if at a given point p ∈ M the tangent vector v p ∈κ ⊥ ρ | p , i.e., κ ρ | p , v p = 0, then v p is a tangent vector to some geodesic γ with an impact parameter ρ or E = L = 0(the trivial case), which always exists and unique at least in some vicinity of p ∈ M as solution of ODE with initial conditions γ(0) = p andγ(0) = v p .
In a Lorentzian manifold, in view of the Proposition 1, the null geodesics γ can exist only in the domains U 0,+ ρ , since otherwise the restriction of the scalar product onκ ⊥ ρ would have Euclidean signature. Also notice that the trivial case (E = 0) is impossible on U 0,+ ρ for null and timelike vectors inκ ⊥ ρ , is the restriction , onto the subspace {τ ,φ} in non-degenerate. Indeed, for all null (timelike) e ρ ± e a ∈κ ⊥ ρ (e ρ ∈κ ⊥ ρ ) we obtain τ , e ρ ± e a = τ , e ρ and
This completes the proof.
Proposition 2 For any geodesic γ ρ with an impact parameter ρ the tangent vector fieldγ ρ ∈ κ ⊥ ρ . If the restriction of the scalar product , on the subspace {τ ,φ} is non-degenerate on U 0,+ ρ , for each null/timelike v p ∈κ ⊥ ρ | p the unique null/timelike geodesic γ exists with an impact parameter ρ such that γ(0) = v p andγ(0) = v p .
Basically, we are interested by closed connected regions admitting geodesics with fixed ρ.
Definition 2 A causal ρ-region P ρ will be called a closed connected submanifold in M such
If there are no singular points the causal ρ-bundleP ρ , its boundary ∂P ρ and the inner regionÔ ρ are subbundles in the restriction T M on the corresponding submanifolds by virtue of Corollary 1. From the point of view of geodesics, and, in particular, the FPOs, the region P ρ represents an accessible region for the null geodesics in some effective potential [25, 38] .
Physical meaning of the causal region P ρ is that any point can be theoretically observable for any observer in the same region (for geodesics with fixed ρ). This causal region may contain spatial infinity (if any) and then will be observable for an asymptotic observer. In some cases, several causal areas may exist, while null geodesics with a given ρ cannot connect one to another.
The boundary ∂P ρ of the causal region is defined as the branch of the solution of the equation κ ρ ,κ ρ = 0 and is the set of turning points of null geodesics.
The accessible region O ρ is a region in M in which there is a stationary observer with a fixed value of the impact parameter ρ. The speed u ρ of such an observer is equal to the normalized value of the vector e ρ and is written in the canonical form
where Ω ρ -and an angular velocity of an observer which depends non-trivially on the point in space for fixed ρ, and N is a normalizing function. In particular for ρ = 0 we obtain ZAMO
B. Fundamenthal photon submanifold
Let (M,ĝ) and (S, g) be Lorentzian manifolds, of dimension m and n respectively, and f : S → M an isometric embedding [4] defining (S, g) as a submanifold (a hypersurface if n = m − 1 in (M,ĝ)). Let T S be a tangent bundle over S, and V -its subbundle. Let∇ and ∇ -be the Levi-Civita connections on M and S respectively. We adopt here the following convention for the second quadratic form σ of the isometric embedding f [4] [5] [6] :
where ∇ u v ∈ T S and σ(u, v) ∈ T S ⊥ , where T S ⊥ -is a standard orthogonal complement (see, e.g., [4] ). For invariant embeddings the Killing vectors of M will be also the Killing vectors on the submanifold S, what can be easily verified projecting the Lei derivative onto S. In this case there is a natural correspondence between the pullback ofÔ ρ | S on S and an intrinsicÔ S ρ in the S itself (as well as
since the vectorκ ρ is tangent to S, and the orthogonal vector fields are projected into orthogonal.
By virtue of the Poincare-Hopf theorem, not any manifold S admits the existence of a smooth tangent vector fieldφ without singular points (in particular, vector fields on a sphere S 2 have at least one singular point, since S 2 has the Euler number χ = 2). We will assume the singular points p ∈ S :φ| p = 0 (See the Remark 2). In the case of the submanifolds S corresponding to ρ = 0, the orthogonal complementκ ⊥ 0 | p = T p S, while the singular points will lie on the boundary p ∈ ∂P S 0 . Indeed, for an arbitrary vector v p ∈ T p S v p ,κ ρ | p = ρ v p ,τ | p = −ρE = 0, (2.18) and κ 0 ,κ 0 | p = φ,φ | p = 0.
If ρ = 0, the null tangent vectors with a given ρ must correspond to zero value of the energy E. Such singular points will not be considered as the geodesics we are interested in don't pass through them anyway. In all non-singular points we will always require the non-degeneracy of the restriction of , on the subspace {τ ,φ}. Therefore, in particular,Ô S ρ is a subbundle in T S, under our assumption that O S ρ does not contain singular points, and S for ρ = 0 can have singular points only on the boundary ∂P S 0 . We now define a weakened version of the standard umbilical condition (1.1) [4] [5] [6] requiring it to be satisfied only for some subbundle V in the tangent bundle T S.
Definition 4 A point p ∈ S will be called a V -umbilic point of an isometric embedding f :
(2.20)
A totally V -umbilic embedding f : S → M is an isometric embedding V -umbilic at all points S. In particular, every totally umbilical embedding is trivially totally V -umbilic for any V . We also note that in the general case H appearing in this formula is not the mean curvature of [4] .
For invariant completely V -umbilic embeddings, an important theorem on the behavior of null geodesics holds, generalizing the classical result [2, 4] .
is an invariant totallyÔ S ρ -umbilic embedding (compare with the analogous statement for totally umbilical surfaces [4] ).
Proof
Consider an arbitrary point p ∈ S ρ . For a null tangent vector,γ ρ | p Proposition 2 means thaṫ γ ρ | p ∈Ô S ρ | p . By our assumption, the isometric embedding f is totallyÔ S ρ -umbilic. Then for the null vectorγ ρ | p we get σ(γ ρ ,γ ρ )| p = 0 and therefore according to formula (2.16)∇γ ργρ = 0 i.e. γ ρ is a null geodesic with the impact parameter ρ in M .
Conversely, let every null geodesic γ ρ on an invariant submanifold S ρ ⊂ O ρ be a null geodesic in M . By Proposition 2, for any null v ρ | p ∈Ô S ρ | p , v ρ | p is the tangent vector to some null geodesic at the point p. Thus, for any null vector v ρ | p ∈Ô S ρ | p we have σ(v ρ , v ρ )| p = 0. By virtue of Proposition 2, Remark 1 and the invariance condition Definition 3, we can construct an orthonormal basis {e ρ , e a } in the spaceÔ S ρ | p . We now consider the set of null vectors e ρ ± e a inÔ S ρ )| p . By the previously proved σ(e ρ ± e a , e ρ ± e a )| p = 0, from which we get σ(e ρ , e a ) = 0, σ(e ρ , e ρ ) + σ(e a , e a ) = 0. Physical meaning of the theorem is that the null geodesics with a given ρ initially touching the spatial section of the invariant totallyÔ S ρ -umbilic submanifold remain on it for an arbitrarily long time, unless of course they leave it across the boundary. This is a well-known property of a photon sphere and its generalization -a photon surface (PS) [2] . Thus, we obtain a generalization of the classical definition of the photon surfaces to the case of a class of geodesics with a fixed impact parameter.
It is useful to obtain an equation for the second fundamental form of the totallyÔ S ρ -umbilic embedding in the original basis {τ ,φ, e a }. First of all, we will agree on the notation. By definition, putσ τ τ ≡ σ(τ, τ ), etc. if the second fundamental form is calculated on an unnormalized basis and σ ab ≡ σ(e a , e b ) on a normalized one. Substituting the explicit expression for e ρ into (2.21) and (2.22), we get: 25) where N ρ = ||e ρ || is a norm. This structuralÔ S ρ -umbilic equation is defined and works both in the ergoregion and in the area of causality violation. If the Killing vectors have a nonzero norm, it is also convenient to introduce a completely normalized basis {e τ , e ϕ , e a } e τ =τ /τ, e ϕ =φ/ϕ, e a , (2.26) where τ = ||τ || and ϕ = ||φ||. This can be done in a fairly general situation when there are no ergoregions or areas of non-causality. In this case we will write σ τ τ ≡ σ(e τ , e τ ) etc. By bilinearity, it is obvious that τ 2 σ τ τ =σ τ τ etc.
The notion of aÔ S ρ -umbilic embedding is however too general (as is the notion of an umbilical surface by itself [39] ). Generally speaking, these submanifolds are geodesically not complete (in the sense that null geodesics can leave them across the boundary) or have a non-compact spatial section (geodesics can go into the asymptotic region). Moreover, for each ρ there can be an infinite number of them, just as there are an infinite number of umbilical surfaces, but only one photon sphere in the static Schwarzschild [40] solution. Therefore, it is necessary to introduce a more specific definition of fundamental photon submanifolds.
Definition 5 A fundamental photon submanifold is an invariant isometric embedding of Lorentzian manifolds f ρ : S ρ → P ρ with compact spatial section I (see below for a possible way to define the spatial section for the case of a hypersurface) such that:
c) For all non-singular points g ∈ S ρ ∩ ∂P ρ (both boundary and internal), the condition holds
d) All the singular points o ∈ S 0 ∩ ∂P 0 are umbilical.
In the case dim(S ρ ) = m − 1, the fundamental photon submanifold is a timelike fundamental photon hypersurface (FPH). In the case dim(S ρ ) = 2, it is the fundamental photon orbit (axially symmetric and lying in ∂P ρ -for example, circular equatorial). From this statement, it is clear that the so-defined fundamental photon submanifolds in the most general case can contain two types of null geodesics: a) Non-periodic photon orbits (trapped in the FP-submanifold). b) Periodic fundamental photon orbits [25] .
Thus, FP-submanifolds generalize the concept of the latter and give them a new geometric interpretation, providing us with new tools of the theory of submanifolds, which has demonstrated its strength in constructing uniqueness theorems [14] [15] [16] [17] [18] [19] and analysis of topological properties.
C. Fundamenthal Photon Hypersurfaces
We now turn to the study of fundamental photon hypersurfaces dim(S) = m − 1, their spatial section I, and the dynamics of null geodesics on them. We first consider a 3-dimensional fundamental photon hypersurface (or even a 3-dimensional submanifold). In the 3-dimensional case, there are a number of strict restrictions on the behavior of null geodesics on the FPH, since at each point there are only two linearly independent null tangent vectors with fixed ρ (and, accordingly, at most two null geodesicsγ ρ can pass through each point).
Let γ(s) be some null geodesic on a 3-dimensional FPH passing through the point p ∈ O S ρ when s = 0. We introduce locally in a neighborhood of the point p an adapted coordinate system (τ, θ, ϕ) such thatτ
(2.27)
We define the projection of the geodesic onto the subspace (θ, ϕ) as a two-dimensional curve
Proposition 4 At each point p ∈ O S ρ of a 3-dimensional FPH (or even a 3-dimensional FPsubmanifold of greater codimension), null geodesics with a given ρ can have at most one intersection/touch or at most one self-intersection/self-touch of projections on the subspace (θ, ϕ).
Proof In the case of a 3-dimensional hypersurface, by Proposition 1, at any point p ∈ O S ρ there are only two linearly independent null tangent vectors with given ρ, namely e ± = e ρ ± e a .
(2.28)
In the adapted basis, the null tangent vectors ±e ± have four projections onto (θ, ϕ), 
where u, v ∈ T I.
We again construct the basis {e ρ , e a }, and expand the vector e ρ at the intersection I = S ∩N as follows:
34)
A ρ = αA ρ , B ρ = B ρ + ωA ρ . (2.35) ThenÔ S ρ -umbilic equation (2.21), (2.22) reduce to A 2 ρ r(α) α − 2ρA ρ r(ω) 2α τ ,τ φ,φ − τ ,φ 2 + B 2 ρσ ϕϕ + N 2 ρ σ aa = 0,(2.
36)
B ρσ aϕ = 0, σ ab = 0, σ aa = σ bb .
(2.37)
Further, we assume that the always mixed components areσ aϕ = 0 with an appropriate choice of basis. The equation (2.36) can be simplified even more by requiring the fulfillment of the orthogonality condition n,φ = 0 and the absence of a violation of causality φ,φ > 0. In this case, the following relations arise
in particular,
Then theÔ S ρ -umbilic equation (2.36) and the causal region inequality P ρ (2.2) take the form (we omit the symbol I ):
and
(2.41) Ô S ρ -umbilic equation (2.37) can also be rewritten in terms of the principal curvatures of the spatial section I as In this case, the hypersurfaces spatial section itself is closed due to the fact that the causal region coincides with M (if there are no subdomains of causality violation), but has singular points.
The necessary condition for the compatibility of the umbilical equation (2.40) with the definition of the causative region ξ 2 ρ ≤ 1 is reduced to the fulfillment of either of the following two inequalities (compare with [24] )
In particular, the first of the conditions corresponds to the photon region in the Kerr metric [24] , and the second in the Zipoy-Voorhees metric [23] . 
In the case of ξ ρ = ±1/ √ 2, the denominator of these expressions Ξ ρ vanishes, however, they remain finite, since the mean curvature in this case is expressed only through the derivatives of the lapse functions:
From the Gauss-Codazzi-Ricci equation [4] we obtain the relationship between the mean and Gaussian curvature of each section (see for a review [41] ): then I has topology of a sphere S 2 (compare with an analogous proposition for transversaly trapping surfaces [41, 42] ).
Proof For proof, we note that at an ordinary point q ∈ O S ρ P (λ, 0) = 4λ n λ − λ 2 n = λ 2 n + 2λ ϕ λ a ≥ 0, (2.55) for convex spatial section I. For the singular point p ∈ ∂P 0 , the expression P (λ, 0) is also obviously non-negative, since the umbilical condition is stronger (all principal curvatures are equal). We now integrate the formula (2.52) over I
From here, obviously, our statement follows from the Gauss-Bonnet theorem (every closed surface with a positive Euler characteristic has the topology of a sphere). 
D. Coordinate system choice
A fairly general metric satisfying the orthogonality properties n,φ = 0 is written as [41] :
where all metric functions are defined on a two-dimensional submanifold with coordinates {η, ζ}. In the most general form, an invariant hypersurface in a given coordinate system can be associated with a curve in the subspace {η, ζ}:
where s is an arbitrary real parameter. Components of the second fundamental form and a normal to such a surface are:
In particular, the first necessary condition (2.46) for the existence of a fundamental photon region of the Kerr type reads:r
The simplest case is represented by hypersurfaces of the form η = const. In this case, it is convenient to choose the natural parameterization g(s) = s (applicable also in other cases), then we obtain:
The umbilical equation (2.40) and the necessary condition (2.46) then take the form:
Note that for coordinates in which ψ = φ = Ω (Weyl type [34] ) the equations (2.61) are simplified: 
III. FUNDAMENTHAL PHOTON REGIONS AND EXAMPLES
A. Fundamenthal Photon Regions
We now define the concept of a fundamental photon region and a fundamental photon function -a generalization of the classical three-dimensional photon region in the Kerr metric [10, 11] .
Definition 6
The fundamental photon function P F will be called the mapping
which associates with each ρ one or the union of several FPHs with the same ρ.
Remark 6
The function P F (ρ) can be continuous, parametrically defining some connected smooth submanifold in the extended manifold {M, ρ}, containing possibly even several different families of Lyapunov periodic orbits [9] . At the same time, several continuous functions P F (ρ)
can exist in which different FPHs correspond to one ρ. In particular, for a given ρ, photon and antiphoton FPHs ((un)stable photon surface [47] ) can occur simultaneously, indicating the instability of the solution [3] . are FPOs and, in particular, the classical photon region in the Kerr metric. However, as was noted in [31] , this definition can be improved by adding to each point in the PR the subset corresponding to the captured directions in the tangent space. Nevertheless, it is clear that the only essential parameter determiningκ ⊥ is the parameter ρ of the family, and therefore the choice of P F (ρ) for the analysis of optical properties seems appropriate. The mapping P F (ρ)
can several times cover the image of P R or part of it when the parameter ρ is continuously changed. For example, in the case of a static space, P R is covered at least 2 times, i.e. P F (ρ)
is a two-sheeted function.
B. Examples and numerical procedure
As an illustration of the application of the above formalism, we consider its application
to three examples of explicit solutions: Kerr, Zipoy-Voorhees with δ = 2 [32] [33] [34] [35] , the δ = 2
Tomimatsu-Sato, [35] , optical shadows for which were obtained in [10, 36, 37] .
We will compare the structure of P R and P F (ρ) (which is continuous in these cases) of non-extremal solutions 0 < p, q < 1 in spheroidal coordinates in an asymptotically flat region for which a metric in the form (2.57) is
where x > 1, −1 ≤ y ≤ 1, and all metric components depend only on {x, y}. In all the examples we are considering, the causal region P ρ (the accessible region of some effective potential) contains both horizons/singularity and spatial infinity if and only if ρ min < ρ < ρ max Fig. 1a . Otherwise, there are two connected regions P ρ , one of which contains spatial infinity, and the other -the horizon/singularity Fig. 1c . Thus, spatial infinity is separated from the horizon/singularity (no null geodesics with this impact parameter can connect the horizon and spatial infinity). Therefore, we will consider only the range ρ min < ρ < ρ max as the domain of definition of the function P F (ρ).
To determine the values of the parameter ρ at which the causal region breaks, we use the Z 2 symmetry of the solution and find the conditions under which this discontinuity occurs at the equatorial plane:
where the first condition means that the boundary of the causal region intersects the equatorial plane, and the second, that for larger and smaller x we again fall into the causal region, that is, the desired point is really a discontinuity point Fig. 1b . It is easy to verify that we obtain exactly the familiar conditions (2.44), but limited to the equatorial plane.
As a result, there will be equatorial circular photon orbits (fundamental photon submanifolds of dimension n = 2 or ϕ-TTS) at the discontinuity points, and the fundamental photon region will interpolate between them, similar to what it was in Zipoe-Voorhees [23] .
To find Z 2 -symmetric fundamental photon hypersurfaces, we use the shooting method described in [23] . We solve the differential equation ( 
C. Kerr metric
Now let's analyze a concrete example of a Kerr solution using spheroidal coordinates. The metric has the form (3.3) with the following metric functions (see [34] ):
Here q is the rotation parameter associated with the angular momentum J = M 2 q, where M = m is the ADM mass of the solution and p = 1 − q 2 . In the future, we will compare solutions that have the same physical parameters M and J.
In the Kerr metric, the causal region P ρ contains both horizon/singularity and spatial infinity if and only if p = 1 − q 2 , where the minimum and maximum values of ρ are determined from and correspond to two equatorial circular photon orbits. Apart from them, as is well known in the Kerr metric, so-called spherical orbits exist with constant value of the Boyer-Lindquist radial coordinate r [7, 8, 48] , they correspond to a discrete set of tangential directions on the sphere r = const. Spherical orbits with different r then fill the three-dimensional domainthe photon region (PR) [10, 11, 24] which is an important feature of rotating spacetimes. This photon region is a special case of the fundamental photon region introduced by us.
In a spheroidal coordinate system, P R and P F (ρ) can be described graphically by considering their section with the plane τ = const and ϕ = const in the adapted coordinate system [10] .
Moreover, P R is a two-dimensional region on the submanifold -{x, y} as shown in the Figs. In Kerr metric, such a univalence of P F (ρ) means that the minimum and maximum values of the impact parameter corresponding to the minimum and maximum radii of the equatorial photon orbits and, as a consequence, the minimum and maximum size of the shadow (from the center point to the boundary for the equatorial observer [23, 37] ). Thus, the univalent function P F (ρ) corresponds to a shadow with maximum and minimum size at the equatorial plane.
The sphericity of the fundamental orbits corresponds to the integrability of the corresponding dynamical system [21, 22] and the existence of an additional conserved quantity associated with the Killing tensor [49] .
D. Zipoy-Voorhees metric
As a non-trivial example of a static axially symmetric asymptotically flat spacetime not admitting the standard photon surfaces but contains a non-spherical photon region [23] , we will consider the Zipoy-Voorhees (ZV) vacuum solution [32] [33] [34] [35] which in the spheroidal coordinates reads: Otherwise, there are two connected domains P ρ one of which contains spatial infinity.
In our paper [23] it was demonstrated that the hypersurfaces of the fundamental photon region (generalized photon region) are significantly different from surfaces of constant radius x = const. As a result, the corresponding dynamical system may contain chaos regions [38] since it contains non-equatorial non-spherical closed photon orbits [21, 22] .
The result of the numerical calculation for δ = 2 is shown in the Figs. 3a. For an arbitrary δ, the analysis was carried out in detail earlier, however, in a different coordinate system, but the basic laws will obviously be valid here too. Note that the hypersurfaces of the photon region are compressed on the equatorial plane y = 0 and extend to the poles y = ±1 for δ > 1, in addition, the photon hypersurfaces are determined for each possible value of the impact parameter and therefore the solution creates a complete set relativistic images [1, 50, 51] along the entire border of the shadow.
As we said in the case of a static space, P F (ρ) is at least a two-sheeted function. In this case, the fundamental photon region is more appropriate to consider as a hypersurface in the coordinates {x, y, ρ}. The corresponding image of the continuous function P F (ρ) in our case is shown in the Fig. 3b . The fact that P F (ρ) is two-sheeted leads to the obvious additional . symmetry of the shadow of any static axially symmetric solution. In addition, the shadow will have a maximum size along the equatorial section (a more distant fundamental photon surface at the maximum (ρ), and the minimum along the vertical, so the shadow of the solution will be flattened in the vertical direction [23, 37] .
E. Tomimatsu-Sato
The spacetime metric (3.3) is
. non-spherical, thus the solution of the TS is also a non-integrable dynamical system [21, 22] . P R and P F (ρ) for small rotations J = 0.1 resembles the P R and P F (ρ) for Zipoy-Voorhees solutions Fig. 4a, 4d . For each allowed value of ρ min < ρ < ρ max there is a well-defined fundamental photon hypersurface that is curved downward. Thus, like Zipoy-Voorhees, the solution will induce a set of relativistic images [50] . The function P F (ρ) in this case interpolates between the univalent and two-fold types and is purely "four-dimensional". As a result, the minimum size of the shadow may not fall either on the equatorial plane or on the vertical axis of the shadow between them, since the fundamental photon surface is minimal for some intermediate value of the impact parameter. Therefore, the shadow will be a slightly asymmetric analog of the flattened shadow of Zipoy-Voorhees [23, 37] .
For intermediate values of rotation parameter J = 0.5, the deformation of fundamental photon hypersurfaces decreases Figs. 4b, 4c , and the function P F (ρ) is practically univalent.
For large rotations, J = 0.9, the fundamental photon hypersurfaces approaches the " spherical " ones x = const, and P F (ρ) is univalent, which more closely resembles the Kerr solution Figs.
4e, 4f, in particular the minimum and maximum size of the shadow falls on the equatorial plane as it was in Kerr. Thus, we can expect that the shadow in this case will more closely resemble that in Kerr. These properties of the shadow of the solution of the TS really take place, as was demonstrated in [36] , confirming effectiveness of the geometric constructions introduced here.
IV. CONCLUSION
This paper defines new geometric notions -the fundamental photon hypersurface and the fundamental photon region, generalizing the notion of the classical photon surface and the photon region to the case of stationary axially symmetric spaces with a complex, generically non-integrable, geodesic structure. They are based on the restriction of the umbilical condition on a certain naturally defined submanifold of the phase space [31] .
These notions naturally complement the concept of fundamental photon orbits, supplying them with new geometric interpretation and the mathematical tools of the geometry of submanifolds. We formulate key theorems on the connection of the introduced hypersurfaces with the behavior of beams of null geodesics and derive structural equations for the principal curvatures of their spatial sections. We hope that the geometric objects and the formalism introduced by us will open the way for obtaining new topological restrictions, Penrose-type inequalities [44] [45] [46] , uniqueness theorems [14] [15] [16] [17] [18] [19] , similar to ones for photon spheres and transversaly trapping surfaces [41] [42] [43] . In particular, for the hypersurface S 0 under some additional assumptions we established the spherical topology S 2 .
In the second part of the paper, we introduced the concept of the fundamental photon function P F (ρ) whose image is a classical photon region, and illustrated the application of our technique on the examples of Kerr, Zipoy -Voorhees and Tomimatsu-Sato in spheroidal coordinates. We found, in particular, that P F (ρ) is some smooth function, which for small rotation parameter resembles P F (ρ) Zipoy-Voorhees (P F (ρ) is two-sheeted), and for large rotation parameter -Kerr solution (P F (ρ) is univalent) and accordingly has an intermediate structure giving a new geometric justification of the optical properties of the shadow of the solution [36] .
